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The generation of spin current and spin polarization in a 2DEG structure is studied in the presence
of Dresselhaus and Rashba spin-orbit couplings (SOC), the strength of the latter being modulated
in time by an ac gate voltage. By means of the non-Abelian gauge field approach, we established
the relation between the Lorentz spin force and the spin current in the SOC system, and showed
that the longitudinal component of the spin force induces a transverse spin current. For a constant
(time-invariant) Rashba system, we recover the universal spin Hall conductivity of e
8pi
, derived
previously via the Berry phase and semiclassical methods. In the case of a time-dependent SOC
system, the spin current is sustained even under strong impurity scattering. We evaluated the ac
spin current generated by a time-modulated Rashba SOC in the absence of any dc electric field.
The magnitude of the spin current reaches a maximum when the modulation frequency matches the
Larmor frequency of the electrons.
PACS numbers: 72.25.Dc, 71.70.Ej, 71.10.Ca
I. INTRODUCTION
The generation of a sustained spin polarized current
constitutes a key requirement in practical spintronics.
In two-dimensional electron gas (2DEG) systems with
Rashba spin-orbit coupling (SOC), spin precession about
the Rashba field and the accompanying Zitterbewegung-
like motion would usually result in zero net transverse
spin current on average.1 However, a net spin polar-
ization can be generated in the transverse direction via
the spin Hall effect. Based on the time-gauge field2 or
the semi-classical geometric force3 descriptions, it can
be shown that a vertical (out-of-plane) spin polarization
can be sustained under adiabatic conditions, albeit un-
der ballistic limit only. Other methods of generating spin
current which have been proposed include the applica-
tion of a non-uniform external magnetic field in a SOC
medium4 and the use of optical excitation.5,6 Recently, an
all-electrical method has been also investigated by utiliz-
ing a time-varying gate voltage.7–10 The idea is based on
the fact that the Rashba SOC can be tuned by changing
the applied gate voltage.11–13 However, it is pointed out
that, in the Rashba system, only the in-plane polarized
spin currents are generated.7,10 Therefore, it would be in-
teresting if the out-of-plane polarized component of the
spin current can be generated by applying this method.
In this article, we will present a theoretical study of the
spin current generation in 2DEG system that combines
both time-dependent Rashba and Dresselhauss SOCs. In
frame work of non-Abelian gauge field, we will point out
that time-modulated gate voltage can indeed induce a
spin current polarized in the out-of-plane direction of the
2DEG. This spin current can be maintained even under
non-ballistic situation, i.e., in the presence of impurities.
Moreover, we will show that such combined SOC systems
can be utilised as spin pumping sources to generate spin
current without applying bias.
II. SPIN FORCE AND SPIN HALL CURRENT
We first consider a system with Dresselhaus and
Rashba SOC, with the Rashba coupling being time-
dependent (shown schematically in Fig. 1). The Hamil-
tonian of the system is:
H =
p2
2m
+HR(t) +HD + V (r), (1)
where m is the effective electron mass, HD =
β (pyσy − pxσx) is the Dresselhaus SOC, and HR(t) =
α (t) (pxσy − pyσx) is the Rashba SOC, with the Rashba
coupling consisting of static and time-varying compo-
nents, i.e., α (t) = α0 + α1(t). The last term in Eq. (1)
is the potential energy which may include the external
applied electric field and the impurity field.
To the first order in SOC couplings, Eq. (1) can
be rewritten in the form of the Yang-Mills Hamiltonian
HYM =
1
2m (p− eA)2, where A is the gauge field given
by
A = (Ax,Ay, 0) = m
e
(−ασy + βσx, ασx − βσy , 0) , (2)
and the corresponding curvature is
Fµν = ∂µAν − ∂νAµ − ie
~
[Aµ,Aν ] . (3)
The physical fields extracted from the curvature tensor
can be considered as the effective magnetic and electric
2FIG. 1. Schematic diagram of a 2DEG system with Rashba
and Dresselhaus SOC. The strength of the Rashba SOC can
be modulated in time by applying an ac gate bias.
fields, i.e.,
B = Fxyzˆ = 2m
2(α
2 − β2)
e~
σz zˆ, (4)
E = ∂tA = −m
e
α˙(σ × zˆ), (5)
where α˙ = ∂α/∂t, zˆ is the unit vector in the z-direction.
These Yang-Mills fields exert a spin-dependent force on
the electron, with the Lorentz-like magnetic field act-
ing in the direction transverse to the electron motion as
FYM = e(E + v × B), where v is the velocity. Note
that the Lorentz force term is proportional to the spin
current polarized along the z-direction, which is given
by jzs = (~/4){v, σz}. Therefore, one can arrive at the
expression for the quantum mechanical force:
F =
4m2
(
α2 − β2)
~2
(jzs × zˆ)−mα˙ (σ × zˆ)−∇V . (6)
From the above, we see the interplay between spin force,
spin current and the time modulation of the Rashba SOC.
The spin current is dependent on either the spin force or
the time-modulated RSOC, and would still be present if
either one of the two terms vanishes. One can directly
evaluate the spin current from its definition by solving the
spin dynamics of the system.14,15 However, this method
may be quite involved if the Hamiltonian is non-trivially
time-dependent. Alternatively, the spin current may be
obtained by evaluating the force by some other means,
and substituting its expression into Eq. (6). In the fol-
lowing, we evaluate the force by classical consideration,
and subsequently apply the force expression to determine
the spin current.
We consider the instantaneous eigenstate and
eigen-energy of the time-dependent SOC Hamiltonian
HSOC |ψn(t)〉 = En(t)|ψn(t)〉, given by
|ψ
±
〉
=
1√
2
(
1
± ieiγ
)
, (7)
E± =
p2
2m
∓∆E, (8)
in which tan γ = (αpy + βpx) / (αpx + βpy) , ∆E =
p(α2 + β2 + 2αβsin 2θ )1/2 with θ = tan−1py/px . The
expectation value of an operator at time t is defined as
〈Oˆ〉 = ∑n 〈ψn|Oˆ|ψi〉fn, with fn = f(En) is the Fermi
distribution function.
The velocity operator can be formally derived from the
Hamiltonian as v = ∂H/∂p, and the force is F = dv/dt.
At some instant t, the average force can be decomposed
into two parts as
〈F〉 = F0 + Ft (9)
in which
F0 = m
∫ ∑
n=±
dvn
dt
fn, (10)
Ft = −m
2
∫
γ˙∇pγ(E+ − E−)(f+ − f−), (11)
where, vn =
∂En(p)
∂p is the velocity of electron belong-
ing to the nth branch, and the integral is taken over
momentum space. The first force term F0 is related to
the evolution of the velocity over time due to the ap-
plied electric field and the modulating Rashba coupling,
while the second component Ft is related to the explicit
time-dependence of the eigen-state and will vanish if the
Hamiltonian is time-independent.
Constant Rashba coupling– We first consider the static
case when α = α0. The second term on the right hand
side of Eq. (6) vanishes, hence the spin Hall current
(SHC) is just dependent on the total force acting on
the electrons. Since the eigen-energy and eigen-state
are time-independent, its force component Ft vanishes.
For simplicity, we consider an electric field applied along
the x-direction, following which the longitudinal force in
Eq.(10) is readilyf found to be
Fx =
(
1± m(α0
2−β2)2sin θ 2
p(α02+β2+2α0βsin 2θ )
3/2
)
dpx
dt
, (12)
where dpx/dt = eEx. Comparing the above force expres-
sion with that obtained by the gauge formalism, i.e. Eq.
(6), we arrive at the formula of the spin current for the
two eigenbranches:
jzs,y (p) = ±
eEx
(
α0
2 − β2) ~2sin θ2
4pm(α02 + β2 + 2α0βsin 2θ )
3/2
. (13)
The total SHC at zero temperature is then found by inte-
grating over all occupied states in the momentum space:
Jzs,y =
1
(2pi~)2
∫ p+
p
−
pdp
∫ 2pi
0
dθ jzs,y (p) (14)
where, p+ and p− are the Fermi momenta cor-
responding to the two eigenbranches, and the dif-
ference between them is given by: p+ − p− =
2m
(
α0
2 + β2 + 2α0β sin2θ
)1/2
. With this, the SHC ex-
pression simplifies to
Jzs,y =
α0
2 − β2
|α20 − β2|
( e
8pi
)
Ex. (15)
3The above result is consistent with the well-known uni-
versal spin Hall conductivity of (e/8pi) obtained previ-
ously by Sinova et al.,14 and by Shen,15 the latter by
considering linear response (Kubo) transport theory and
the Berry phase of the system. Up to this point, we have
explicitly shown the relation between the spin Hall cur-
rent and the spin force in a time-independent system. In
Ref.1, the spin force concept is introduced to describe
the spin dynamics in a Rashba SOC system. Specifically,
the study focused on the transverse component of the
spin force and its effect on the Zitterbewegung dynam-
ics of the electrons in the system. However, the con-
nection between this spin force and the well-known spin
Hall current was not established. In the above analysis,
we have shown that it is the longitudinal component of
the spin force, whose magnitude is proportional to the
driving electric field, which gives rise to the spin Hall
current with the universal conductivity of (e/8pi). The
longitudinal spin force is related to the Lorentz force of
the Yang-Mills (non-Abelian) effective fields arising from
the Rashba and Dresselhaus SOC effects. Our physical
picture of the spin Hall effect is consistent with previ-
ous descriptions of the spin Hall effect based on different
theoretical models.2,14,15
III. EFFECT OF IMPURITY SCATTERING
We now consider the effect on the spin current of
impurities, which can be modeled as some randomly
placed delta potentials: Vim(r) = V
∑N
i=1 δ (r−Ri). As
has been pointed out previously,16 the spin Hall current
would be suppressed in an infinitely large disordered sys-
tem. In the steady state, the total force is zero, i.e.,
F = 0. Additionally, the external electric field which is
the driving force for the spin current, is also effectively
canceled by the effect of impurities.17 Thus from Eq. (6),
the spin current vanishes if the Rashba coupling is con-
stant in time, as expected. However, in the presence of
a time-modulated Rashba SOC strength, the α˙ term in
Eq. (6) is non-zero, and this leads to a spin current of
Jzs,i =
~
2
4m
α˙Si
(α2 − β2) , (16)
in which Si = 〈σi〉 is the spin density, with 〈. . . 〉 de-
noting the expectation values taken over all momentum
and spin spaces, and impurity configurations. We see
that the transverse spin current in any one direction de-
pends on the spin polarization along that direction; in
general the latter may be finite and hence the spin cur-
rent can be sustained. On the other hand, the spin cur-
rent can also be interpreted as the response to the ef-
fective electric field which is given by Eq. (5). Thus,
we have Jzs,i = σijEj , with the “spin conductivity” of
σxy = −σyx = e~24m2(α2−β2) . We consider a special case
in which the Rashba and Dresselhaus coupling strengths
are approximately the same, but with the former hav-
ing an additional (small) time-dependent variation, i.e.,
the Rashba coupling is given by α(t) = β + α1e
iωt with
α1 ≪ β. Then to the first order in α1, we can express
the spin current in Eq. (16) as:
Jzs,i(ω) =
ω~2
8mβ
Si(ω). (17)
Thus, the spin current is approximately proportional to
the modulation frequency, but is independent of the mod-
ulating amplitude α1.
IV. GATE-MODULATION INDUCED SPIN
CURRENTS
Normally, when an electron with its spin aligned, say,
vertically, is passed through the Rashba (Dresselhauss)
2DEG system, the spin will rotate about the in-plane
Rashba field.18,19 This spin precession is associated with
Zitterbewegung-like motion of the electron.1,20 Under the
influence of an electric field, the precessional dynamics is
modified giving rise to a net spin polarization and hence
a spin Hall current. Since the spin precession motion
originates from the SOC interaction, this suggests that
we induce a net spin polarization by modulating the SOC
to control the spin precession without the need to apply
any electric field. Thus, we will study the possibility to
generate a sustained spin current under the influence of
time-modulated SOC but in the absence of any dc electric
field.
First, we separate the Hamiltonian in Eq. (1) into
two parts: time-independent Hamiltonian H0 =
p2
2m +
α0 (pxσy − pyσx)+β (pyσy − pxσx), and time-dependent
Hamiltonian H1 (t) = α1(t) (pxσy − pyσx) + eE.r. The
evolution of electron spin state can be found by means
of the first-order time-dependent perturbation theory, in
which H1(t) is treated as the perturbation. We assume
that the modulation is started at t = 0; meanwhile the
applied electric field is switched on adiabatically from
the past as E = lims→0+ Ee
st.21 If the initial electron
spin state is represented by the spinor χ(0) = c+ |ψ+
〉
+
c− |ψ−
〉
, then its subsequent evolution up to time t under
the full Hamiltonian is given by
|χ(t)〉 =
∑
i=±
ci(t)e
−
i
~
Eit |ψi〉, (18)
in which |ψ
±
〉
and E± are eigen-states and eigen-energies
of the unperturbed Hamiltonian. To the first order in
both the dynamic Rashba component α1 and the elec-
tric field, the time-dependent coefficients ci(t) satisfy the
following differential equations:
i~
dci
dt
=
∑
j=±
〈ψi | H1 (t) | ψj〉 cj (0) e i~ (Ei−Ej)t. (19)
The above can be readily solved once the initial condi-
tions are specified, and subsequently the spin polarization
S(t) = 〈χ(t)|σ|χ(t)〉 can be evaluated.
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FIG. 2. Spin current generated in the system with Rashba
coupling α = α0 +α1 sin ωt. The inset shows the dependence
of the spin current amplitude on the modulation frequency
ω obtained numerically (solid). For comparison, we plot the
analytical results for the maximum amplitude given by Eq.
(23) (horizontal dashed) and the off-resonant amplitude given
by Eq. (24) (bold dashed). The maximum amplitude occurs
at ω ≈ ΩF .
We first consider the system of electrons, which are ini-
tially in an admixture of the two eigen-states. The initial
spin polarization vector is ±S(0) = (∓ sin γ,± cosγ, 0),
corresponding to the two eigen-branches. To the first or-
der in H1, the spin polarization vector at a subsequent
time t is easily found to be
S(t) = ±[S(0) + S(1) + S(2)], (20)
where
S(1) = − e
Ω
(E.∇pγ)zˆ, (21)
S(2)(t) =
2p
~
sin (γ − θ)
∫ t
0
dt′α1(t
′)R(t− t′), (22)
with R(t) = (− cos γ sinΩt, sin γ sinΩt, cosΩt) being the
response functions and Ω = 2∆E/~. The two terms S(1)
and S(2) are the contributions to the spin polarization
due to the applied electric field and time modulation of
the Rashba coupling, respectively. To the first order in
both E and α1, these two factors can be considered as
independent driving forces which induce the spin polar-
ization. We focus on S(2), the spin polarization arising
from the time-modulation in the Rashba SOC. It is in-
teresting to point out that in the absence of Dresselhauss
SOC (i.e., β = 0), the phase factor is simply γ = θ, and
therefore, from Eq. (22), the spin polarization S(2) be-
comes zero. Hence, the time-modulation of the Rashba
SOC will only induce a spin polarization if both types of
SOCs, i.e., Rashba and Dresselhauss, are present in the
system. In addition, we find that S(2) is an odd function
of the momentum vector k, so that summing over all oc-
cupied states in momentum space would yield a zero net
z-spin polarization. However, we will show below that
the spin current may still be finite.
As discussed in previous papers,14,15 the modification
to the electron spin due to an applied electric field can
give rise to a spin Hall current (even if the net spin po-
larization is zero). This can be readily seen by evaluat-
ing the expression Jzs,i = (~/2)(pi/m)S
(1)
z , which would
recover the result of Eq. (15). We apply the same ex-
pression to evaluate the spin current arising from the spin
polarization S(2) arising from the time-modulation of the
Rashba SOC, i.e., Jzs,i = (~/2)(pi/m)S
(2)
z , and average
the result over the momentum space to yield the net spin
current. Fig. 2 illustrates the ac spin current generated
in the system when the Rashba coupling is modulated by
a sinusoidal gate voltage, i.e. α = α0 + α1 sinωt, assum-
ing typical parameter values: ~α = ~β = 10−11eV.m,
α1 = 0.1α0, EF = 0.1eV, m = 0.05me. Note that when
the gate voltage is changed, the Fermi energy and ef-
fective mass will also be modified as a consequence12.
However, for simplicity, we assume a small change in the
gate voltage, so that the Fermi energy and effective mass
can be treated as constant. We see that the amplitude
of the spin current is maximum around the resonant re-
gion ω ≈ ΩF , where ΩF = 2kF
√
α20 + β
2 the Larmor
frequency of electron near the Fermi surface (see inset of
Fig. 2). For the special case of α0 = β, this maximum
amplitude can be estimated as
Jzs,i(ΩF ) ∼
a1
ΩF
4mE2F
3pi~2
√
Eso
EF
=
a1p
2
F
6pi~
, (23)
while the off-resonant amplitude is given by
Jzs,i(ω) ∼
a1ω
ω2 − Ω2F
8mE2F
3pi2~2
√
Eso
EF
. (24)
In the above, we have assumed that Eso/EF ≪ 1, where
Eso = mα
2 being the energy scale associated with the
spin-orbit couplings, EF = p
2
F /2m the Fermi energy. The
analytical results of Eqs. (23) and (24) are in approxi-
mate agreement with the numerical results (see inset of
Fig. 2).
V. CONCLUSION
In this paper, we have applied the spin force picture to
a general time-dependent SOC system. By considering
the Lorentz force arising from the non-Abelian gauge
field of the SOC effects we establish the relation between
the spin current and spin force in the system. Previously
the spin force in a Rashba system was invoked to explain
the Zitterbewegung motion of electrons, but no link was
made to the spin Hall effect. We applied our gauge field
method to show that the longitudinal component of the
spin force induces the spin Hall effect. This not only
provides a physical picture of the underlying origin of
the spin Hall effect, but also recovers the universal spin
Hall conductivity in a constant (time invariant) Rashba
system. We also showed that the spin current vanishes
under strong impurity scattering, a result consistent
with previous findings. However, under time modulation
5of the Rashba SOC a sustained spin current is obtained,
the amplitude of which is proportional to the in-plane
spin density and the modulation frequency. Finally, we
evaluated the ac spin current generated by a Rashba
SOC with a sinusoidal time variation in the absence of
any dc electric field. For the special case of equal Rashba
and Dresselhaus coupling, we derived the analytical
expression for the magnitude of the spin current, which
approximately agrees with the numerical results.
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